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1. Introduction
Let D be a domain in C, and X , Y be Banach spaces consisting of analytic functions on D . Let ϕ be an analytic self-map
of D . Suppose that f ◦ ϕ ∈ Y for every f ∈ X . Then we may deﬁne the composition operator Cϕ : X → Y by Cϕ f = f ◦ ϕ
for f ∈ X . In the recent four decades, there has been much work on composition operators on various spaces of analytic
functions (see [2,13,14]).
In this paper, we study composition operators on the Banach algebra H∞ , the space of bounded analytic functions on
the open unit disk D with the supremum norm ‖ · ‖∞ . We denote by S(D) the set of analytic self-maps of D. In [10],
MacCluer, Zhao and the second author characterized compact differences of two composition operators and determined
path connected components in the space of composition operators on H∞ with respect to the operator norm (see also [8]).
In [6], Hosokawa and the ﬁrst author studied essential norms of difference of composition operators on H∞ . In [9], the
authors characterized compactness of linear sums of composition operators on H∞ (see also [4]).
For u ∈ H∞ and ϕ ∈ S(D), we deﬁne the weighted composition operator uCϕ : H∞ → H∞ by (uCϕ) f = u( f ◦ ϕ) for
f ∈ H∞ . It is clear that uCϕ is linear and bounded on H∞ . A characterization of compactness of weighted composition
operators on H∞ was given in [1,12]. The topological structure of the space of weighted composition operators on H∞ was
studied in [7].
We denote by A(D) the disk algebra on D, that is, A(D) is the space of continuous functions on D which are analytic
in D.
In this paper, we shall give a characterization of compactness of sums
∑N
j=1 u jCϕ j of weighted composition operators
on H∞ . This is a generalization of Theorem 2.2 given in [9]. Also we shall show that in the case that u j,ϕ j ∈ A(D) for every
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∑N
j=1 u jCϕ j is compact on H∞ if and only if (
∑N
j=1 u jCϕ j )( f ) ∈ A(D) for every f ∈ H∞ . This is a generalization
of Theorem 2 given in [11].
We denote by B(H∞) the closed unit ball of H∞ . For z,w ∈D, the pseudo-hyperbolic distance between z and w is given
by ρ(z,w) = |z − w|/|1− zw|. It is known that
sup
{∣∣ f (z) − f (w)∣∣: f ∈ B(H∞)}= 2(1−
√
1− ρ(z,w)2 )
ρ(z,w)
.
Put λ(t) = 2(1− √1− t2 )/t for 0 t  1. Then we have∣∣ f (z) − f (w)∣∣ λ(ρ(z,w)) for f ∈ B(H∞) (1.1)
and there exists a function g ∈ B(H∞) such that |g(z) − g(w)| = λ(ρ(z,w)) (see [3, p. 42]).
2. Compactness
We need the following lemma whose proof is an easy modiﬁcation of that of Proposition 3.11 in [2].
Lemma 2.1. Let u1,u2, . . . ,uN ∈ H∞ be nonzero functions and ϕ1,ϕ2, . . . , ϕN ∈ S(D) be distinct functions. Then ∑Nj=1 u jCϕ j is
compact on H∞ if and only if whenever { fn}n is a bounded sequence in H∞ such that { fn}n converges to 0 uniformly on any compact
subset of D, then ‖∑Nj=1 u jCϕ j fn‖∞ tends to 0 as n → ∞.
We need the following notion due to [9]. Let ϕ1,ϕ2, . . . , ϕN be distinct functions in S(D) and N  2. Let Z =
Z(ϕ1,ϕ2, . . . , ϕN ) be the family of sequences {zn}n in D satisfying the following three conditions:
(a) |ϕ j(zn)| → 1 as n → ∞ for some 1 j  N ,
(b) {ϕ j(zn)}n is a convergent sequence for every 1 j  N ,
(c) { ϕ(zn)−ϕ j(zn)
1−ϕ(zn)ϕ j(zn) }n is a convergent sequence for every 1 j,  N .
Note that if |ϕ j(zn)| → 1 as n → ∞ for some 1 j  N , then it is easy to see that there exists a subsequence {zn } of {zn}n
satisfying {zn } ∈ Z .
For {zn}n ∈ Z , we write
I
({zn})= { j: ∣∣ϕ j(zn)∣∣→ 1 as n → ∞, 1 j  N}.
By condition (a), I({zn}) 	= ∅. By (b), there exists a constant δ with 0< δ < 1 such that |ϕ(zk)| < δ < 1 for every  /∈ I({zn})
and k 1. For each t ∈ I({zn}), we write
I0
({zn}, t)= { j ∈ I({zn}): ρ(ϕ j(zn),ϕt(zn))→ 0 as n → ∞}. (2.1)
For s, t ∈ I({zn}), we have either I0({zn}, s) = I0({zn}, t) or I0({zn}, s)∩ I0({zn}, t) = ∅. Hence there is a subset {t1, t2, . . . , t} ⊂
I({zn}) such that
I
({zn})= ⋃
p=1
I0
({zn}, tp)
and I0({zn}, tp) ∩ I0({zn}, tq) = ∅ for p 	= q. There might be I0({zn}, t) = {t} for some t ∈ I({zn}).
Let X and Y be Banach spaces and T : X → Y be a bounded linear operator. Recall that T is said to be compact if
T maps every bounded set into relatively compact one, and that T is said to be completely continuous if T maps every
weakly convergent sequence into a norm convergent one. In general, every compact operator is completely continuous. But
the converse is not always true.
It is well known that Cϕ is compact on H∞ if and only if ‖ϕ‖∞ < 1. When we consider compactness of ∑Nj=1 u jCϕ j , we
may exclude such trivial ones from our sums. Our result is the following.
Theorem 2.2. Let u1,u2, . . . ,uN ∈ H∞ be nonzero functions and ϕ1,ϕ2, . . . , ϕN ∈ S(D) be distinct functions with ‖ϕ j‖∞ = 1 for
every 1 j  N. Then the following conditions are equivalent.
(i)
∑N
j=1 u jCϕ j is compact on H∞ .
(ii)
∑N
j=1 u jCϕ j is completely continuous on H∞ .
(iii)
∑N
j=1 u jCϕ j : A(D) → H∞ is compact.
(iv)
∑N
j=1 u jCϕ j : A(D) → H∞ is completely continuous.
(v) limk→∞
∑
j∈I ({z },t) u j(zk) = 0 for every {zn}n ∈ Z and t ∈ I({zn}).0 n
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Suppose that (iv) holds. We shall prove (v). Let {zn}n ∈ Z and t ∈ I({zn}). Then |ϕt(zn)| → 1 and ρ(ϕt(zn),ϕ(zn)) 	→ 0 as
n → ∞ for every  /∈ I0({zn}, t). By (b), we may assume that ϕt(zn) → αt ∈ ∂D as n → ∞. Let
ht(z) = αt z + αt
2
for z ∈D.
Then ht(z) ∈ A(D), ht(αt) = 1 and |ht | < 1 on D \ {αt}. There is a sequence of positive integers {nk}k such that
1 − hnkt (ϕt(zk)) → 1 as k → ∞. Then nk → ∞ as k → ∞. We write fk(z) = 1 − hnkt (z). Then ‖ fk‖∞  2, fk(αt) = 0 and
fk(ϕt(zk)) → 1 as k → ∞. For each positive integer k, let
gk(z) = fk(z)1− |ϕt(zk)|
2
1− ϕt(zk)z
∏
/∈I0({zn},t)
ϕ(zk) − z
1− ϕ(zk)z
.
Then gk ∈ A(D), ‖gk‖∞  4 for every k 1 and gk(eiθ ) → 0 as k → ∞ for every eiθ ∈ ∂D. Hence gk → 0 weakly in A(D), so
by (iv) ‖∑Nj=1 u jCϕ j gk‖∞ → 0 as k → ∞. We have∥∥∥∥∥
N∑
j=1
u jCϕ j gk
∥∥∥∥∥∞ 
∣∣∣∣∣
N∑
j=1
u j(zk)gk
(
ϕi(zk)
)∣∣∣∣∣
=
∣∣∣∣ ∑
j∈I0({zn},t)
u j(zk) fk
(
ϕ j(zk)
) 1− |ϕt(zk)|2
1− ϕt(zk)ϕ j(zk)
∏
/∈I0({zn},t)
ϕ(zk) − ϕ j(zk)
1− ϕ(zk)ϕ j(zk)
∣∣∣∣.
Now by (1.1), we have∣∣ fk(ϕt(z))− fk(ϕ j(z))∣∣ 2λ(ρ(ϕt(z),ϕ j(z)))
and
1− |ϕt(zk)|2
1− ϕt(zk)ϕ j(zk)
= 1+ ϕt(zk) ϕ j(zk) − ϕt(zk)
1− ϕt(zk)ϕ j(zk)
.
For j ∈ I0({zn}, t), by (2.1) ρ(ϕ j(zk),ϕt(zk)) → 0 as k → ∞. Hence | fk(ϕt(zk))− fk(ϕ j(zk))| → 0, so we have fk(ϕ j(zk)) →
1 as k → ∞. We have also
1− |ϕt(zk)|2
1− ϕt(zk)ϕ j(zk)
→ 1
as k → ∞. On the other hand, for  /∈ I0({zn}, t), since ρ(ϕ j(zk),ϕt(zk)) → 0 we have
lim
k→∞
ϕ(zk) − ϕ j(zk)
1− ϕ(zk)ϕ j(zk)
= lim
k→∞
ϕ(zk) − ϕt(zk)
1− ϕ(zk)ϕt(zk)
.
By (2.1) and (c),
lim
k→∞
ϕ(zk) − ϕt(zk)
1− ϕ(zk)ϕt(zk)
= β,t 	= 0
for some β,t ∈C. Since ‖∑Nj=1 u jCϕ j gk‖∞ → 0 as k → ∞, we get( ∑
j∈I0({zn},t)
u j(zk)
) ∏
/∈I0({zn},t)
β,t → 0 as k → ∞.
Consequently, we have
lim
k→∞
∑
j∈I0({zn},t)
u j(zk) = 0.
(v) ⇒ (i). To prove (i), suppose that ∑Nj=1 u jCϕ j is not compact on H∞ . By Lemma 2.1, there exists a sequence { fn}n in
B(H∞) such that fn → 0 uniformly on every compact subset of D and∥∥∥∥∥
N∑
u j( fn ◦ ϕ j)
∥∥∥∥∥ 	→ 0
j=1 ∞
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N∑
j=1
u j( fn ◦ ϕ j)
∥∥∥∥∥∞ > ε > 0
for every n 1. Take zn ∈D satisfying that |zn| → 1 and∣∣∣∣∣
N∑
j=1
u j(zn) fn
(
ϕ j(zn)
)∣∣∣∣∣> ε (n 1).
Choosing subsequence of {zn}n if necessary, we may assume that ϕ j(zn) → α j ∈ D as n → ∞ for every 1  j  N . Since
fn → 0 uniformly on every compact subset of D, |α j| = 1 for some 1  j  N . Moreover we may assume that {zn}n ∈ Z .
Also we have
lim inf
k→∞
∣∣∣∣ ∑
j∈I({zn})
u j(zk) fk
(
ϕ j(zk)
)∣∣∣∣ ε. (2.2)
Recall that there exists a subset {t1, t2, . . . , t} ⊂ I({zn}) such that
I
({zn})= ⋃
p=1
I0
({zn}, tp)
and I0({zn}, tp) ∩ I0({zn}, tq) = ∅ for p 	= q. Let j ∈ I0({zn}, tp). Then ρ(ϕ j(zk),ϕtp (zk)) → 0 as k → ∞. By Schwarz’s lemma
(see [3, p. 2]),
ρ
(
fk
(
ϕ j(zk)
)
, fk
(
ϕtp (zk)
))
 ρ
(
ϕ j(zk),ϕtp (zk)
)→ 0 (2.3)
as k → ∞. Considering a subsequence of {zk}k , we may assume that fk(ϕ j(zk)) → β j ∈ D as k → ∞ for every j. By (2.3),
β j = βtp for every j ∈ I0({zn}, tp). Therefore
lim
k→∞
∑
j∈I({zn})
u j(zk) fk
(
ϕ j(zk)
)= lim
k→∞
∑
p=1
∑
j∈I0({zn},tp)
u j(zk) fk
(
ϕ j(zk)
)
= lim
k→∞
∑
p=1
βtp
∑
j∈I0({zn},tp)
u j(zk)
= 0 by condition (v).
This contradicts condition (2.2). 
The following result (see [7]) follows from Theorem 2.2.
Corollary 2.3. Let u, v ∈ H∞ and ϕ,ψ ∈ S(D). Then the following conditions are equivalent.
(i) uCϕ − vCψ is compact on H∞ .
(ii) The following three conditions hold.
(a) If {zn}n ⊂D, |ϕ(zn)| → 1 and lim infn→∞ ρ(ϕ(zn),ψ(zn)) > 0, then u(zn) → 0.
(b) If {zn}n ⊂D, |ψ(zn)| → 1 and lim infn→∞ ρ(ϕ(zn),ψ(zn)) > 0, then v(zn) → 0.
(c) If {zn}n ⊂D, |ϕ(zn)| → 1 and |ψ(zn)| → 1, then (u − v)(zn) → 0.
We denote by m the normalized Lebesgue measure on ∂D. For a function u ∈ H∞ , there exists the radial limit u∗ a.e. on
∂D deﬁned by u∗(eiθ ) = limr→1 u(reiθ ). We denote by R(u) the set of eiθ ∈ ∂D at which u has a radial limit. For ϕ ∈ S(D)
satisfying ‖ϕ‖∞ = 1, let
Γ (ϕ) = {eiθ ∈ R(ϕ): ∣∣ϕ∗(eiθ )∣∣= 1}.
Corollary 2.4. Let u1,u2, . . . ,uN ∈ H∞ be nonzero functions and ϕ1,ϕ2, . . . , ϕN ∈ S(D) be distinct functions with ‖ϕ j‖∞ = 1 for
every 1 j  N. If
∑N
j=1 u jCϕ j is compact on H∞ , then m(Γ (ϕ j)) = 0 for every 1 j  N.
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eiθ ∈ Γ (ϕ1) ∩ R(ϕ j): ϕ∗1
(
eiθ
)= ϕ∗j (eiθ )}
has a positive Lebesgue measure for some 2 j  N , then by the F. and M. Riesz theorem we have ϕ1 = ϕ j (see [5]). This
is a contradiction, so the above set is measure zero for every 2 j  N . Put
E =
{
eiθ ∈ Γ (ϕ1) ∩
N⋂
j=2
R(ϕ j): ϕ
∗
1
(
eiθ
) 	= ϕ∗j (eiθ ) for all 2 j  N
}
.
Then m(E) > 0. Let {rn}n be a sequence of numbers such that 0 < rn < 1 and rn → 1 as n → ∞. For each eiθ ∈ E , we
write zn = rneiθ . Then {zn}n ∈ Z , 1 ∈ I({zn}) and I0({zn},1) = {1}. By Theorem 2.2, u1(zk) → 0 as k → ∞. This shows that
E ⊂ R(u1) and u∗1 = 0 on E . Since m(E) > 0, by the F. and M. Riesz theorem again we have u1 = 0. This is a contradiction. 
Next, we study a special case. The following is a generalization of [11, Theorem 2].
Theorem 2.5. Let u1,u2, . . . ,uN ∈ A(D) be nonzero functions and ϕ1,ϕ2, . . . , ϕN ∈ S(D) be distinct functions with ‖ϕ j‖∞ = 1 and
ϕ j ∈ A(D) for every 1 j  N. Then the following conditions are equivalent.
(i)
∑N
j=1 u jCϕ j is compact on H∞ .
(ii) limk→∞
∑
j∈I0({zn},t) u j(zk) = 0 for every {zn}n ∈ Z and t ∈ I({zn}).
(iii) (
∑N
j=1 u jCϕ j )( f ) ∈ A(D) for every f ∈ H∞ .
Proof. By Theorem 2.2, we have the equivalence of (i) and (ii).
Suppose that (ii) holds. To prove (iii), let f ∈ H∞ and {zn}n be a sequence in D such that zn → eiθ0 ∈ ∂D. It is suﬃcient
to prove that
lim
n→∞
N∑
j=1
u j(zn) f
(
ϕ j(zn)
)
has a limit which depends on eiθ0 but does not depend on a sequence {zn}n . We may assume that {zn}n ∈ Z . There is a
subset {t1, t2, . . . , t} ⊂ I({zn}) such that
I
({zn})= ⋃
p=1
I0
({zn}, tp)
and I0({zn}, tp) ∩ I0({zn}, tq) = ∅ for p 	= q. We put α j = ϕ j(eiθ0) = limk→∞ ϕ j(zk) for every 1  j  N . Then |α j | = 1 for
every j ∈ I({zn}) and |α j| < 1 for every j /∈ I({zn}). We have
N∑
j=1
u j(zk) f
(
ϕ j(zk)
)= ∑
j∈I({zn})
u j(zk) f
(
ϕ j(zk)
)+ ∑
j /∈I({zn})
u j(zk) f
(
ϕ j(zk)
)
and
lim
k→∞
∑
j /∈I({zn})
u j(zk) f
(
ϕ j(zk)
)= ∑
j /∈I({zn})
u j
(
eiθ0
)
f (α j).
We have also
limsup
k→∞
∣∣∣∣ ∑
j∈I({zn})
u j(zk) f
(
ϕ j(zk)
)∣∣∣∣= limsup
k→∞
∣∣∣∣∣
∑
p=1
∑
j∈I0({zn},tp)
u j(zk) f
(
ϕ j(zk)
)∣∣∣∣∣.
Since | f (ϕ j(zk)) − f (ϕtp (zk))| → 0 as k → ∞ for every j ∈ I0({zn}, tp), we have
limsup
k→∞
∣∣∣∣ ∑
j∈I({zn})
u j(zk) f
(
ϕ j(zk)
)∣∣∣∣= limsup
k→∞
∣∣∣∣∣
∑
p=1
f
(
ϕtp (zk)
) ∑
j∈I0({zn},tp)
u j(zk)
∣∣∣∣∣
 limsup
k→∞
∑
p=1
‖ f ◦ ϕtp‖∞
∣∣∣∣ ∑
j∈I0({zn},tp)
u j(zk)
∣∣∣∣
= 0 by (ii).
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k→∞
N∑
j=1
u j(zk) f
(
ϕ j(zk)
)= ∑
j /∈I({zn})
u j
(
eiθ0
)
f (α j),
so we get (iii).
Suppose that (iii) holds. We shall show that (ii) holds. Let {zn}n ∈ Z and t ∈ I({zn}). Considering a subsequence of {zn}n ,
we may assume that zn → eiθ0 ∈ ∂D. By (iii), for every f ∈ H∞ we have
N∑
j=1
u j f ◦ ϕ j ∈ A(D),
so it is continuous at z = eiθ0 . Since {zn}n ∈ Z , there is a subset {t1, t2, . . . , tk} ⊂ I({zn}) such that
I
({zn})= ⋃
p=1
I0
({zn}, tp)
and I0({zn}, tp) ∩ I0({zn}, tq) = ∅ for p 	= q. For j /∈ I({zn}), we have |ϕ j(eiθ0)| < 1, so u j(z) f (ϕ j(z)) is continuous at z = eiθ0 .
Hence ∑
j /∈I({zn})
u j(z) f
(
ϕ j(z)
)
is continuous at z = eiθ0 and
∑
p=1
∑
j∈I0({zn},tp)
u j(z) f
(
ϕ j(z)
)
is continuous at z = eiθ0 for every f ∈ H∞ . Since∣∣ f (ϕ j(zk))− f (ϕtp (zk))∣∣→ 0
as k → ∞ for every j ∈ I0({zn}, tp), the sequence{
∑
p=1
( ∑
j∈I0({zn},tp)
u j
(
eiθ0
))
f
(
ϕtp (zk)
)}
k
has a limit as k → ∞. In the next paragraph, we shall show that if condition (ii) does not hold, then the last fact does not
hold for some f ∈ H∞ .
By (c) and (2.1), there exists a positive number ε such that
ρ
(
ϕtp (zk),ϕtq (zk)
)
> ε
for large k and p 	= q. By (a), |ϕtp (zk)| → 1 as k → ∞. Considering a subsequence of {zk}k , we may assume that {ϕtp (zk): k
1, 1  p  } is an interpolating sequence for H∞ (see [3]). Since t ∈ I({zn}), t = tp0 for some 1  p0  . Take f ∈ H∞
satisfying that f (ϕtp (zk)) = 0 for every k 1 and p 	= p0. Then the sequence{( ∑
j∈I0({zn},tp0 )
u j
(
eiθ0
))
f
(
ϕtp0 (zk)
)}
k
has a limit as k → ∞. Since {ϕtp0 (zk)}k is interpolating, there is a function f ∈ H∞ such that f (ϕtp0 (z2k)) = 0 and
f (ϕtp0 (z2k+1)) = 1 for every k 1. Then the above sequence does not converge as k → ∞ if∑
j∈I0({zn},tp)
u j
(
eiθ0
) 	= 0.
Thus we get (ii). 
For u ∈ A(D) and ϕ ∈ S(D) satisfying ϕ ∈ A(D), uCϕ : A(D) → A(D) is a bounded operator. The following is a generaliza-
tion of [11, Theorem 1].
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ϕ j ∈ A(D) for every 1 j  N. Then the following conditions are equivalent.
(i)
∑N
j=1 u jCϕ j is compact on A(D).
(ii)
∑N
j=1 u jCϕ j is completely continuous on A(D).
(iii) limk→∞
∑
j∈I0({zn},t) u j(zk) = 0 for every {zn}n ∈ Z and t ∈ I({zn}).
Proof. The implication (i) ⇒ (ii) is trivial. It follows from Theorem 2.2 that (ii) implies (iii).
Suppose that (iii) holds. By Theorem 2.5, (
∑N
j=1 u jCϕ j )( f ) ∈ A(D) for every f ∈ H∞ , so we get (i). 
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